Abstract. By using the method of differential subordinations, we derive some sufficient conditions for strongly starlike functions associated with a linear operator. All these results presented here are sharp.
Introduction and preliminaries
Let A p denote the class of functions of the form
which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1}. A function f (z) ∈ A p is called p-valent starlike in U if it satisfies
Also, a function f (z) ∈ A p is called p-valent strongly starlike of order α (0 < α ≤ 1) if it satisfies (1.3) arg
For functions f j (z) ∈ A p (j = 1, 2) given by
a n,j z n+p (j = 1, 2), we define the Hadamard product (or convolution) of f 1 (z) and f 2 (z) by
a n,1 a n,2 z n+p = (f 2 * f 1 )(z).
Suppose that f (z) and g(z) are analytic in U . We say that the function f (z) is subordinate to g(z) in U , and we write f (z) ≺ g(z), if there exists an analytic function w(z) in U with w(0) = 0 and |w(z)| < 1 (z ∈ U ), such that f (z) = g(w(z)) (z ∈ U ). If g(z) is univalent in U , then the following equivalence relationship holds true.
For a function f (z) ∈ A p , we consider a linear operator Q λ1 p,λ2 : A p → A p as following:
We note that
In particular, we have
The operator Q λ1 p,λ2 was introduced by Liu and Owa [4] . When p = 1, the operator Q λ1 p,λ2 was first introduced by Jung et al. [2] . Many interesting subclasses of analytic functions, associated with the operator Q λ1 p,λ2 , have been considered by Jung et al. [2] , Aouf et al. [1] , Liu [3] , Liu and Owa [4] and others.
In order to prove our main results, we need the following lemma.
Lemma. Let the function g(z) be analytic and univalent in U and let the functions θ(w) and φ(w) be analytic in a domain
and suppose that
is the best dominant of (1.5).
The lemma is due to Miller and Mocanu [5, p. 132 ].
Sufficient conditions for strongly starlike functions
In this section, we assume that α, λ 0 , λ, a, b ∈ R and µ ∈ C.
where
Proof. We choose
in Lemma. Clearly, the function g(z) is analytic and univalently convex in U and
The function q(z) is analytic in U with q(0) = g(0) = 1 and q(z) ̸ = 0 (z ∈ U ). The functions θ(w) and φ(w) are analytic in a domain D containing g(U ) and q(U ), with φ(w) ̸ = 0 when w ∈ g(U ). For
where h(z) is given by (2.3), and so
Also, for
we find that
Therefore, it follows from (2.1) and (2.5) to (2.8) that
The other conditions of Lemma are also satisfied. Hence we conclude that
and g(z) is the best dominant of (2.2). By (2.5) we see that the function Q λ1 p,λ2 f (z) is p-valent strongly starlike of order α in U . Furthermore, for the function f (z) defined by (2.4), we have
which shows that the number α is sharp. The proof of Theorem 1 is now completed. □ Theorem 2. Let
, number α is sharp for the function f (z) defined by (2.4) .
Proof. Let
) satisfy the conditions of Lemma respectively. Further, we have
where h(z) is given by (2.11), and so 
The other conditions of Lemma are also satisfied. Hence we obtain the desired result of the theorem. Furthermore, for the function f (z) defined by (2.4), we have
which shows that the number α is sharp. The proof of Theorem 2 is completed. □ Theorem 3. Let
where (2.14)
This shows that the function Q 
The following two cases arise.
then we deduce from (2.17) to (2.19) that 
and so 
Hence, by using (2.22) and (2.25), we conclude that the bound β in (2.13) is the best possible. This completes our proof. □
